Geometry question.

https://www.linkedin.com/groups/8313943/8313943-6389707836917714944

Consider a triangle ABC, where 4B = 20,BC = 25 and CA4 = 17. P is point on the plane.

What is minimal value of 2 - P4 +3 - PB+5 « PC?

Solution by Arkady Alt , San Jose, California, USA.

Let P4, PB, PC be directed line segments, with lengths |PA|, |PB|,|PC|, respectively

Then F(P) := 2|PA| + 3|PB| + 5|PC| = 2(|PA| + |PC|) + 3(|PB| + |PC|) =

2(|AP| + |PC|) + 3(|BP| + |PC|) > 2|AP + PC|+ 3(|BP + PC|) = 2|AC|+3|BC| =2 +17+3 25 =
109.

Thus min F(P) = 109 = F(C).

Generalization.

Let 4,,4,,...,4, be n points on a plane P. And let a1, a>,...,a, be positive numbers

such thata; > a3 +...+a,. Find rlpei%l(a1|PA1| + a2|PA2 | +.. . +an|PA,)).

(Here PM is directed from P to M line segment with length |PM]|)
Solution.

F(P) = Za,-|PA,-| = (al —Za,-)|PA1|+Za,-(|PA,-|+ |PA1|) >
i=1 =2 =2

Za,-(|A1P| + |PA,|) > Za,-|A1P+PA,-| = Za,-|A1A,-| = F(Al)

i =2 =2

Or, in vector form:
Letr :=OP and a; := OA4;,i = 1,2,...,n. Then > a;|PA;| = F(r) := > air—a;| =
k=1 k=1

n n n n

(al —Za,->|r—a1| +2 a(jr—a;|+|r—ai]) =D a;(r—a;|+]a;-r]) = D ajfr—a; +a;-r| =
= =2 =2 =2

n

2_ailai—a;i| = F(a;). Thus, min F(r) = F(ai).

=

Remark.

If inequality a1 > as +...+a, (a1 = max{a;,az,...,a,}) isn’t holds then minimum can’t be
attained in no one of the points 4,,4,,...,4,

As example: min(|[PA| + |PB| + |PC|) = |TA| + |TB| + |TC| where T is Fermat-Torricelli point.



